In this paper, the multi-turn coil used in a wireless power transfer (WPT) device is modeled as a uniform material using the homogenization method to consider the proximity effect. By fitting the coil impedance to the numerical results, the Cauer equivalent circuit of the multi-turn coil is synthesized for the design and optimization of the power circuits in the WPT device. It is shown that the results obtained from the equivalent circuit and measurement are in good agreement. Moreover, the impedance of a flat WPT coil composed of a Litz wire is shown to be accurately evaluated by the proposed method when the contribution of capacitance is negligible.
I. INTRODUCTION

W
IRELESS power transfer (WPT) has attracted great attention for application in electric vehicles, biomedical devices, and householder appliances [1] - [4] . Increase in frequency is preferable to downsize the coil for the WPT system. This can result in, however, a significant increase in the coil resistance due to the skin and proximity effects. To accurately evaluate the coil impedance considering these effects with the conventional finite-element method (FEM), the coil must be subdivided into fine elements that are smaller than the skin depth. FE analysis of WPT devices, therefore, needs long computational time. To overcome this problem, the homogenization method for the FE analysis has been proposed [5] . In this method, a multi-turn coil is modeled as a uniform material with complex permeability in the frequency domain.
When analyzing a WPT device including a multi-turn coil and power circuit with nonlinear circuit elements, timedomain analysis is required. The model order reduction techniques allow us to synthesize the equivalent circuit, which is effective for time-domain analysis, from the FE model of an electric machine which obeys the quasi-static Maxwell equations [7] - [9] . This method synthesizes the equivalent circuit from the rational polynomial of frequency derived from a system equation. However, when one models a machine with the complex permeability, which is a transcendental function of frequency, the system matrix becomes an implicit function of frequency. It is uneasy, thus, to derive the rational polynomial and also the equivalent circuit from the reduced order model.
In this paper, for time-domain analysis of the WPT devices considering the skin and proximity effects, we synthesize its equivalent circuit using the homogenization-based FEM in three dimensions. The equivalent circuit is synthesized by 2) It is shown that the properties of a WPT device can be accurately represented by a T circuit including three Cauer circuits to consider the eddy current effect.
3) The Cauer circuit synthesized from the result of the homogenization-based FEM is shown to work well for time-domain analysis even when the external circuit includes nonlinearity. 4) It is shown that the circuit parameters in the Cauer equivalent circuit of WPT can be determined so that its frequency response is as near to that of the homogenization-based FEM as possible.
II. FORMULATION
A. Homogenization-Based FEM
The proximity effect can effectively be treated by introducing the complex permeabilityμ r . When we consider a straight round wire immersed in time-harmonic uniform magnetic field,μ r is given by [5] 
where μ r , J 0 , J 1 , a, j, and δ denote the relative permeability of the round wire, zeroth and first order Bessel functions, radius of wire, imaginary unit, and skin depth, respectively. Note that (1a) is valid when the wire curvature radius is sufficiently larger than a and wire cross section is nearly circular. The macroscopic complex permeability homogenized over the coil region can be obtained from the extended Ollendorff formula [5] , [6] 
0018-9464 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. where μ 0 and η denote the permeability of vacuum and volume fraction, respectively. We extend (2) for 3-D problems below. Let τ 1 be the unit vectors tangential to the wire and τ 2 , τ 3 be the unit vectors orthogonal to τ 1 . The magnetic permeability of the coil is set to μ 0 in parallel to τ 1 , while it is set to μ on the plane spanned by τ 2 , τ 3 . In this coordinates, the magnetic reluctance tensor is given by
The magnetic induction is represented as B = j B j τ j . The components are represented in terms of the Cartesian components in the form B i = j T i j B j . Hence, the reluctance tensor obeys the transformation T t νT.
When there is no conductor except the coil, we solve the magnetostatic equation including ν
where A and J denote the vector potential and current density, respectively. When there are other conductors, an eddy current term is included in (3). Moreover, the circuit equations of the power transmission and receiving coils
are coupled with (3), where
, and ω denote the dc resistance, circuit current, interlinkage flux, input voltage, and angular frequency, respectively. The first term in (4) includes the impedance due to the skin effect. The FE discretization of (3) and (4) leads to
where N i , N j , and j k denote the vector and scalar interpolation functions, unit current density of kth-coil, and
B. Synthesis of Equivalent Circuit
We consider here a simple WPT device shown in Fig. 1 including a pair of ring coils, which can be considered as a transformer. The coil parameters are summarized in Table I . Because the major radius D in /2 is much larger than the strand radius a, (1) and (2) would hold in this WPT. Moreover, (3) reduced to the 2-D equation including the scalar permeability μ r . WPT can be modeled by the equivalent circuit as shown in Fig. 2 . Note that impedances,Ż 1 ,Ż 2 , andŻ M , include the effects coming from eddy currents. They can be determined by solving (5) , that is,
We represent the coil impedance by the Cauer circuit as shown in Fig. 3 [7] - [9] . Note here that the circuit parameters in the Cauer circuit have the following physical meaning: at sufficiently low frequencies, almost no current goes through R 2 but L 1 . This means that R 1 and L 1 correspond to the dc resistance and inductance of the coil without eddy currents. When increasing frequency, eddy current loss, and its diamagnetic effect appear, and they are represented by R 2 and L 2 . The effects at higher frequencies are represented by R k and L k , k ≥ 3. There exists a one-to-one correspondence between the Cauer circuit and continued fractions. The impedance function Fig. 2 is now represented by
where R DC k , L S k , and M 3 denote the dc coil resistance and inductance of kth-coil in the T circuit, and mutual inductance, respectively, which are determined from the static FE analysis. The T circuit shown in Fig. 2 is represented by the three Cauer circuits, as shown in Fig. 4 . The circuit parameters
. . are determined by solving the optimization problems defined by
where
is the corresponding impedances computed from the Cauer circuit, and m is the number of sampling points for fitting. 
III. NUMERICAL RESULTS
A. Frequency Characteristics
Table II summarizes the fitting error between the synthesized equivalent circuit and the homogenization-based FEM. Because the error cannot be significantly reduced by increasing the stage number from 3 to 4, we employ the threestage equivalent circuit in the following analysis. Table III summarizes the identified circuit parameters in Fig. 4 . From the resultant frequency characteristics shown in Fig. 5 , we find that the results obtained from the synthesized equivalent circuit and measurement are in good agreement. Because the skin depth is about 0.15 mm at the highest frequency, the proximity effect is more dominant than the skin effect. Thus, it is essentially important to introduce the complex permeability which represents the proximity effect.
B. Quality Factor
The quality factor of WPT is usually determined by Q = ωL/R dc [10] - [12] . However, the actual Q value would be lower than this ideal Q which does not include eddy current losses. Using the present method, we evaluate Q, defined by the ratio Im(Ż 1 )/Re(Ż 1 ), to consider eddy currents. The computed values of Q are plotted in Fig. 6 . From the results, we can see that Q reduces significantly due to the eddy currents, especially when frequency is higher than 30 kHz.
C. Time Response
The primary and secondary WPT coils shown in Fig. 1 are connected to a voltage source and rectifying circuit, respectively. The proposed and conventional equivalent circuits are shown in Fig. 7 . The parameters are set as follows: f = 150 kHz, C k = 3.56 nF (k = 1, 2), C = 1.0 mF, and R LOAD = 300 . In addition, SB340L is employed for the rectifier. The time response of this system is computed and also Table IV . It is concluded from these results that the proposed method gives more accurate results in comparison with the conventional equivalent circuit.
IV. 3-D ANALYSIS OF LITZ-WIRE COIL
We apply the proposed method to the analysis of flat Litz-wire coil pairs, shown in Fig. 9 , whose configuration is often used in real WPT systems. The coil parameters are summarized in Table V . Because of the assumed misalignment, 3-D FE analysis is required. There are 2000 stranded wires in total. Conventional FEM would need quite a long computational time to compute the eddy currents in this system. In contrast, in the proposed method which solves (5), the coils are modeled by homogenous materials that can be analyzed with relatively coarse FE elements. The frequency dependences of the coil impedance for different misalignment computed by the proposed equivalent circuit are plotted in Fig. 10 . We can see that the numerical results are in good agreement with measured values up to about 600 kHz. The discrepancy at frequencies higher than 600 kHz would come from the capacitance among the Litz wire. Consideration of this effect remains for future work. Moreover, the frequency dependences of the coil resistance for different tilt angles θ , expressed by the equivalent circuit shown in Fig. 4 , are plotted in Fig. 11 . It can be seen that increase in θ reduces the resistance because of decrease in the interlinkage flux.
V. CONCLUSION
In this paper, we have proposed the equivalent circuit synthesized from the homogenization-based FEM to consider the eddy current losses for WPT devices. The proposed T equivalent circuit provides more accurate responses in comparison with the conventional T equivalent circuit. Moreover, using the proposed method, the effect of the misalignment of Litz-wire coils can effectively and accurately be evaluated.
